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The first order hydrodynamic evolution equations for the shear stress tensor, the bulk viscous
pressure and the charge current have been studied for a system of quarks and gluons, with a non-
vanishing quark chemical potential and finite quark mass. The first order transport coefficients have
been obtained by solving an effective Boltzmann equation for the grand-canonical ensemble of quasi-
quarks and quasigluons. We adopted temperature dependent effective fugacity for the quasiparticles
to encode the hot QCD medium effects. The non-trivial energy dispersion of the quasiparticles in-
duce mean field contributions to the transport coefficients whose origin could be directly related to
the realization of conservation laws from the effective kinetic theory. Further, the relative signifi-
cance of dissipative quantities has been investigated through their respective ratios. Both the QCD
equation of state and chemical potential are seen to have a significant impact on the QGP evolution.
The first order viscous corrections to the time evolution of temperature along with the description
of pressure anisotropy of the system have also been explored.
Keywords: Effective kinetic theory, Quark-gluon plasma, Dissipative evolution, Quark chemical potential,
Pressure anisotropy.
I. INTRODUCTION
High energy heavy-ion collision (HIC) experiments
in Relativistic Heavy Ion Collider (RHIC) and Large
Hadron Collider (LHC) have realized the existence of
a new state of matter-quark gluon plasma (QGP), as a
near-perfect fluid [1–3]. Relativistic hydrodynamics has
been successfully employed to describe the space-time
evolution of the created deconfined nuclear matter; see
Refs. [4–9] for recent reviews. On the other hand, the
input parameters such as equation of state and transport
coefficients, have been estimated from the microscopic
theories. The inclusion of dissipative effects in the QGP
evolution is significant for explaining the quantitative be-
havior of experimental observables in the HIC, i.e., col-
lective flow, transverse momentum spectra etc. [10–14].
The theoretical explanation of the hadron elliptic flow at
RHIC with dissipative hydrodynamic evolution provide
the evidence of transport processes in the QCD medium
[15]. The relevance of the transport process in the HIC
is reconfirmed in [16–19].
There have been various approaches/attempts for the
estimation of the transport parameters of the hot QCD
medium [20–29]. To explore the relative significance of
transport parameters, their ratios have been studied in
recent literatures [30, 31]. The quantitative estimation of
shear viscosity from experiments has been widely inves-
tigated in several works [32–40]. In parallel, there have
been some attempts to study the effect of bulk viscosity
in the evolution of the QGP [41–45]. Notably, the effect
of dissipative charge current has received less attention
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compared to the viscous coefficients in the framework
of dissipative hydrodynamics. This can be attributed to
the fact that the net baryon number and chemical poten-
tial are insignificant in the very high energetic collisions.
However, for the lower collision energies probed in the
RHIC beam energy scan and for upcoming experiments
at Facility for Antiproton and Ion Research (FAIR), the
baryon chemical potential can no longer be neglected.
In addition to the effects of the chemical potential, the
finite quark mass corrections are also significant in the
evolution of the QGP in this context. This sets the mo-
tivation to investigate the hydrodynamic evolution of the
QGP with a non-vanishing baryon chemical potential and
finite quark mass.
The description of the QCD medium evolution requires
the knowledge of microscopic description of thermody-
namic quantities of the medium along with the appro-
priate momentum distribution functions of its effective
degrees of freedom (quasi-quarks/antiquarks and quasi-
gluons). To that end, encoding the thermal medium ef-
fects in the hot QCD equations of state (computed within
lattice QCD or Hard Thermal Loop theory) in terms of
quasiparton degrees of freedom with nontrivial dispersion
relations has turned out to be a viable approach. The
quasiparticle description of thermodynamic and trans-
port properties of the hot QCD/QGP medium have been
investigated in several works [27, 31, 46–53]. In the cur-
rent analysis, we utilize the effective fugacity quasiparti-
cle model (EQPM) [54, 55] for the effective microscopic
description of the QGP. The microscopic framework for
the estimation of transport coefficients in the current
analysis is done within the covariant kinetic theory ap-
proach using relativistic Boltzmann equation. We em-
ploy the Chapman-Enskog like iterative method to solve
the relativistic transport equation with relaxation time
approximation (RTA) for the collision kernel, along with
a mean field term arising from the quasi-particle descrip-
tion of QGP.
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2The mean field term in the effective covariant ki-
netic theory with the EQPM can be realized from the
conservation laws as described in the Ref. [56]. The
goal of the current analysis is to investigate these mean
field corrections to the dissipative quantities with non-
vanishing baryon chemical potential and quark mass,
within EQPM. The relative behavior of different dissipa-
tive processes can be estimated with the respective ratios
of their transport coefficients in the light of the mean
field contributions and finite quark chemical potential.
We study the viscous corrections to the time evolution
of temperature and pressure anisotropy by analyzing the
boost invariant longitudinal expansion. These aspects
are crucial in the investigation of the hydrodynamic evo-
lution of the QGP from the covariant effective kinetic
theory.
The manuscript is organized as follows. The mathe-
matical formulation of the first order dissipative hydro-
dynamic evolution equations from the EQPM covariant
kinetic theory along with the description of longitudinal
Bjorken flow is presented in section II. Section III deals
with the discussions on the mean field contributions and
the relative significance of transport coefficients. Finally,
in section IV, the conclusion and outlook have been pre-
sented.
II. FORMALISM
The formalism for the estimation of dissipative hydro-
dynamic evolution of the QGP consists of the quasipar-
ticle modeling followed by the setting up of the effective
covariant kinetic theory of the system away from equi-
librium. The current analysis is based on a covariant
kinetic theory for hot QCD medium recently developed
by Chandra and Mitra [56] employing the effective fu-
gacity quasiparticle model [54, 55]. Here, we have ex-
tended the approach to investigate the transport prop-
erties of the hot QCD medium with finite quark chem-
ical potential and quark-antiquark masses. There are
several other quasiparticle models present in the litera-
ture to describe hot QCD medium which include mod-
els with effective masses for the quasiparticles [57–62],
a self-consistent, single parameter quasiparticle models
with temperature dependent effective mass [63, 64], NJL
and PNJL based quasiparticle models [65–67], and re-
cently proposed quasiparticle model based on the Gribov-
Zwanziger quantization [68–70].
Notations and Conventions: In this article, we
have used the following notations and conventions. The
quantity uµ is the fluid velocity (normalized to unity)
and in the fluid rest frame uµ = (1, 0, 0, 0). The met-
ric tensor is taken to be gµν = diag(1,−1,−1,−1). The
subscript k used in the manuscript implies the particle
species, k = (g, q, q¯), where g, q and q¯ denotes gluons,
quarks and antiquarks, respectively. The quantity gk
represents the degeneracy factor of the k-th species. We
choose the appropriate gluon and quark/antiquark de-
generacy factors respectively as gg = Ns × (N2c − 1) and
gq = Ns ×Nc ×Nf , where Nf = 3 is the number of fla-
vors, Ns = 2 is the spin degrees of freedom and Nc = 3
is the number of colors.
A. QCD thermodynamics and the effective
covariant kinetic theory with finite chemical
potential
Realizing the hot QCD medium as a Grand-canonical
ensemble, the EQPM interprets the hot QCD equation of
states (EoS) with quasigluon and quasiquark/antiquark
effective fugacities. Here, we have considered the (2 +
1)−flavor lattice QCD EoS for the effective description
of QGP [71, 72]. The EQPM energy-momentum tensor
can be defined in terms of dressed momenta ~˜pk of k-th
particle species and takes the following form [56],
Tµν(x) =
∑
k
gk
∫
dP˜k p˜
µ
k p˜
ν
k fk(x, p˜k)
+
∑
k
δωk gk
∫
dP˜k
〈p˜µk p˜νk〉
Ek
fk(x, p˜k), (1)
where k = (g, q, q¯) represents the particle species,
fk(x, p˜k) is the quasiparton distribution function,
〈p˜µk p˜νk〉 ≡ 12 (∆µα∆νβ + ∆µβ∆να) p˜αk p˜βk and dP˜k ≡ d
3|~˜pk|
(2pi)3ωk
is
the momentum integral measure. In the above equation,
p˜µk is the “dressed” four-momentum of particles of species
k defined later in terms of bare particle four momentum
pµk and effective fugacity. We consider nonzero quark
mass mq of different flavor (with mu = 3 MeV, md = 5
MeV and ms = 100 MeV for up, down and strange
quarks, respectively) and energy Ek =
√
| ~˜pk |2 +m2q for
quarks/antiquarks whereas for gluons Ek =| ~˜pk |.
The covariant form of EQPM parton distribution func-
tions in equilibrium, with a non-zero baryon chemical
potential µq can be defined as
f0q =
zq exp [−β(u·pq − µq)]
1 + zq exp [−β(u·pq − µq)] , (2)
f0q¯ =
zq¯ exp [−β(u·pq¯ + µq)]
1 + zq¯ exp [−β(u·pq¯ + µq)] , (3)
f0g =
zg exp [−β u·pg]
1− zg exp [−β u·pg] . (4)
where we define the scalar product u·p ≡ uµ pµ and the
inverse temperature β ≡ 1/T . The quantities zq, zq¯ and
zg denote the temperature dependent effective fugacity
parameter of the quarks, anti-quarks and gluons, respec-
tively, that encode the hot QCD medium effects in the
quasiparticle description of the QGP. The effective fu-
gacities are not related with any conserved number cur-
rent in the hot QCD medium and thus retain the same
form in the case of a small finite baryon chemical po-
tential. Therefore the fugacity parameter for quark and
3antiquark is same, i.e., zq = zq¯ in the EQPM descrip-
tion of the QGP [54, 55]. Therefore, in the rest of this
article, we denote the fugacity parameter for both quasi-
quark and antiquark by zq. Since the effective fugacities
are not related with any conserved number current in the
QGP medium, the temperature dependence of the effec-
tive fugacity parameter remain unaltered with the finite
chemical potential, as discussed in the Ref. [31]. As ex-
pected, in the limit of vanishing quark chemical poten-
tial, i.e., µq = 0, the equilibrium distribution functions
for quasiquark and anti-quark becomes identical f0q ≡ f0q¯ .
The dispersion relation encodes the collective ex-
citation of quasipartons and relates the quasiparticle
(dressed) four-momenta p˜µk and the bare particle four-
momenta pµk as follows,
p˜k
µ = pµk + δωk u
µ, δωk = T
2 ∂T ln(zk). (5)
The zeroth component of the four-momenta is modified
as,
p˜k
0 ≡ ωk = Ek + δωk. (6)
Next, we focus on the net baryon four-current Nµ which
is defined as the difference of baryon and anti-baryon
four-current [73, 74]. The quasiparticle description of
the flow in terms of dressed momenta has the following
form [56]
Nµ(x) = gq
∫
dP˜q p˜
µ
q [fq(x, p˜q)− fq¯(x, p˜q)]
+ δωq gq
∫
dP˜q
〈p˜µq 〉
Eq
[fq(x, p˜q)− fq¯(x, p˜q)] , (7)
where 〈p˜µq 〉 ≡ ∆µν p˜νq is the irreducible tensor of rank one.
Note that the quark and antiquark four-momentum is
same i.e. p˜µq = p˜
µ
q¯ since both sectors have identical mass
mq. The relevant thermodynamic quantities such as en-
ergy density, pressure, the speed of sound and number
density can be obtained from their basic thermodynamic
definitions.
From Eq. (1), we obtain the expression of the energy
density ε and the pressure P , respectively, within the
EQPM by using the following definitions
ε ≡ uµuνTµν , P ≡ −1
3
∆µνT
µν , (8)
along with the matching condition ε = ε0 and n = n0
where the subscript ‘0’ represents equilibrium quantities.
In the case of finite quark mass, mq, and non-vanishing
baryon chemical potential, µq, the total energy density
and pressure can be expressed in terms of modified Bessel
function of second kind, Kn(y), and PolyLog functions as
ε =
∞∑
l=1
gq
y4T 4(−1)l−1zlq cosh(αl)
8pi2
[
K4(ly)−K0(ly)
+
2 δωq
yT
(
K3(ly)−K1(ly)
)]
+ gg
T 3
pi2
×
[
3T PolyLog [4, zg] + δωgPolyLog [3, zg]
]
, (9)
and
P =
∞∑
l=1
gq
y2T 4(−1)l−1zlq cosh(αl)
pi2 l2
K2(ly)
+ gg
T 4
pi2
PolyLog [4, zg], (10)
where y ≡ β mq and α ≡ β µq. In the zq → 1, i.e.,
δωq → 0 limit, the expressions for energy density and
pressure given in Eqs. (9) and (10), respectively, reduce
to that obtained in Ref. [29]. Similarly, one can obtain
the quasiparticle net baryon density using the definition
n ≡ uµNµ along with the matching conditions. The net
baryon density is then given by
n =
∞∑
l=1
gq
2 y2T 3(−1)l−1zlq sinh(αl)
pi2 l
K2(ly). (11)
Note that in the limit of vanishing chemical potential,
α→ 0, net baryon density disappears.
From Eqs. (9) and (10), one can obtain the results for
massless case by setting mq = 0. In this case, we obtain
the EQPM energy density and pressure of the hot QGP
with a non-zero µq in terms of PolyLog functions and
have the following form,
ε =
3T 4
pi2
[
ggPolyLog [4, zg]− gq
(
PolyLog [4,−zqe−α]
+ PolyLog [4,−zqeα]
)]
+
δωg ggT
3
pi2
PolyLog [3, zg]
− δωq gqT
3
pi2
(
PolyLog [3,−zqeα]
+ PolyLog [3,−zqe−α]
)
, (12)
and
P =
T 4
pi2
[
ggPolyLog [4, zg]− gq
(
PolyLog [4,−zqeα]
+ PolyLog [4,−zqe−α]
)]
. (13)
Similarly, the net baryon density in the massless limit
takes the following form,
n =
gqT
3
pi2
(
PolyLog [3,−zqe−α]− PolyLog [3,−zqeα]
)
.
(14)
Note that the results of Eqs. (12)-(14) matches with
that obtained in Ref. [27]. We also observe that in the
limit zq → 1, Eqs. (12)-(14) reduces to that obtained in
Ref. [74].
The macroscopic definition of viscous tensor and the
baryon diffusion current requires the non-equilibrium
part of the distribution function of the particles. For
the system close to local thermodynamic equilibrium,
4the non-equilibrium quasiparton phase space distribu-
tion function takes the form fk = f
0
k + δfk, where
δfk/f
0
k  1 and the equilibrium distribution f0k are given
in Eqs. (2)-(4) for k = (q, q¯, g). Macroscopically, the
energy-momentum tensor in the non-equilibrium case can
be decomposed as,
Tµν = εuµuν − (P + Π)∆µν + piµν , (15)
where ∆µν ≡ gµν − uµuν is the projection operator or-
thogonal to the fluid velocity, piµν is the shear stress ten-
sor and Π is the bulk viscous pressure. Similarly, the
baryon four-current can be macroscopically described as,
Nµ = nuµ + nµ. (16)
Note that the above expressions for energy-momentum
tensor and particle four-current are written for fluid four-
velocity defined in Landau frame.
The projection of Tµν and Nµ conservation equations
along and orthogonal to uµ gives,
ε˙+ (ε+ P + Π)θ − piµνσµν = 0, (17)
(ε+ P + Π)u˙α −∇α(P + Π) + ∆αν ∂µpiµν = 0, (18)
n˙+ nθ + ∂µn
µ = 0, (19)
where θ ≡ ∂µuµ is the expansion scalar, A˙ ≡ uµ∂µA
represents the comoving derivative, ∇α ≡ ∆αβ∂β is a
space-like derivative operator which is orthogonal to uα
and σµν ≡ ∆µναβ∇αuβ . Here we define a four-index tensor
∆µναβ ≡ 12 (∆µα∆νβ+∆µβ∆να)− 13∆µν∆αβ which is a traceless
symmetric projection operator orthogonal to the fluid ve-
locity.
The expressions for the derivatives of α and β can
be obtained from Eqs. (17)-(19) and takes the following
form,
β˙ = χβθ +O(δ2), α˙ = χαθ +O(δ2), (20)
∇µβ = −βu˙µ + n
ε+ P
∇µα+O(δ2), (21)
with χβ and χα taking the following form,
χβ =
[
J˜
(0)+
q 10 (+ P )− J˜ (0)−q 20 n− J˜ (0)g 30 n
J˜
(0)+
q 30 J˜
(0)+
q 10 − J˜ (0)−q 20 J˜ (0)−q 20 + J˜ (0)g 30J˜ (0)+q 10
]
, (22)
and,
χα =
[
J˜
(0)−
q 20 (+ P )− J˜ (0)+q 30 n− J˜ (0)g 30 n
J˜
(0)+
q 30 J˜
(0)+
q 10 − J˜ (0)−q 20 J˜ (0)−q 20 + J˜ (0)g 30J˜ (0)+q 10
]
. (23)
Here J˜
(r)±
k nq are the thermodynamic integrals defined as
J˜ (r)±q nm =
gq
2pi2
(−1)m
(2m+ 1)!!
∫ ∞
0
d | ~˜pq |
(
u.p˜q
)n−2m−r−1
× ( | ~˜pq | )2m+2f±q , (24)
J˜ (r)g nm =
gg
2pi2
(−1)m
(2m+ 1)!!
∫ ∞
0
d | ~˜pg |
(
u.p˜g
)n−2m−r−1
× ( | ~˜pg | )2m+2fg f˜g, (25)
where f±q = fq f˜q ± fq¯ f˜q¯ and f˜k ≡ (1 − afk) with a =
−1 and +1 for Bose-Einstein and Fermi-Dirac statistics,
respectively. The expressions of these integral coefficients
appearing in Eqs. (22) and (23), in terms of temperature
and chemical potential, are given in Appendix A.
The shear stress tensor piµν can be expressed in terms
of δfk within EQPM as follows [56],
piµν =
∑
k
gk∆
µν
αβ
∫
dP˜k p˜
α
k p˜
β
k δfk
+
∑
k
gk δωk ∆
µν
αβ
∫
dP˜k p˜
α
k p˜
β
k
1
Ek
δfk, (26)
where k = (g, q, q¯) represents the particle species. Simi-
larly, the bulk viscous pressure Π and the particle diffu-
sion current nµ can also be defined as,
Π =− 1
3
∑
k
gk∆αβ
∫
dP˜k p˜
α
k p˜
β
k δfk
− 1
3
∑
k
gk δωk ∆αβ
∫
dP˜k p˜
α
k p˜
β
k
1
Ek
δfk, (27)
and
nµ =gq∆
µ
α
∫
dP˜q p˜
α
q (δfq − δfq¯)
− δωqgq∆µα
∫
dP˜q p˜
α
q
1
Eq
(δfq − δfq¯). (28)
We will use the above equations for disipative quantities
to obtain their first-order expressions and corresponding
transport coefficients.
The relativistic transport equation quantifies the rate
of change of quasiparton phase space distribution func-
tion in terms of collision integral C[fk] and has the fol-
lowing form
p˜µk ∂µfk(x, p˜k) + F
µ
k (u·p˜k) ∂(p)µ fk = C[fk], (29)
where Fµk = −∂ν(δωkuνuµ) is the force term defined from
the conservation of energy momentum and particle flow.
In the current EQPM framework, the collision integral
is defined in the relaxation time approximation (RTA),
where the thermal relaxation τR linearizes the collision
term as [75]
C[fk] = − (u·p˜k) δfk
τR
. (30)
To obtain δfk, we solve the relativistic Boltzmann equa-
tion with RTA using the Chapman-Enskog like iterative
expansion.
B. First order dissipative evolution equation
The first order correction to distribution functions for
quarks, anti-quarks and gluons can be obtained from the
5Boltzmann equation, Eq. (29), by considering an iterative
Chapman-Enskog like solution [76, 77]. For the current
effective kinetic theory, we obtain the following form,
δfq = τR
[
p˜γq∂γβ+
p˜γq
u·p˜q
(
β p˜φq ∂γuφ−∂γα
)
−βθ δωq
]
fq f˜q,
(31)
δfq¯ = τR
[
p˜γq¯∂γβ+
p˜γq¯
u·p˜q¯
(
β p˜φq¯ ∂γuφ+∂γα
)
−βθ δωq¯
]
fq¯ f˜q¯,
(32)
δfg = τR
(
p˜γg∂γβ +
β p˜γg p˜
φ
g
u·p˜g ∂γuφ − βθ δωg
)
fg f˜g, (33)
With the expressions for δfk obtained in Eqs. (31)-(33),
we can obtain the first order evolution equation for dis-
sipative quantities from Eqs. (26)-(28).
Assuming the thermal relaxation time τR to be inde-
pendent of particle four-momenta and keeping terms up
to first-order in gradients, we obtain
piµν = 2 τR βpi σ
µν , (34)
Π = −τR βΠ θ, (35)
nµ = τR βn∇µα, (36)
where the coefficients have the following form,
βpi = β
[
J˜
(1)+
q 42 + J˜
(1)
g 42 + (δωq)L˜
(1)+
q 42 + (δωg)L˜
(1)
g 42
]
,
(37)
βΠ = β
[
χβ
β
(
J˜
(0)+
q 31 + J˜
(0)
g 31 + (δωq)L˜
(0)+
q 31 + (δωg)L˜
(0)
g 31
)
+
χα
β
(
J˜
(0)+
q 31 + J˜
(0)
g 31 + (δωq)L˜
(0)+
q 31 + (δωg)L˜
(0)
g 31
)
+
5
3
(
J˜
(1)+
q 42 + J˜
(1)
g 42 + (δωq)L˜
(1)+
q 42 + (δωg)L˜
(1)
g 42
)
− (δωq)J˜ (0)+q 21 − (δωg)J˜ (0)g 21
]
, (38)
βn =
[
n
(+ P )
(
J˜
(0)−
q 21 +
(
δωq
)
L˜
(0)−
q 21
)
− J˜ (1)+q 21
− (δωq)L˜(1)+q 21 ]. (39)
The thermodynamic integrals labeled by L˜
(r)±
k nm, appear-
ing in the above expressions are defined as,
L˜(r)±q nm =
gq
2pi2
(−1)m
(2m+ 1)!!
∫ ∞
0
d | ~˜pq |
(
u.p˜q
)n−2m−r−1
Eq
× ( | ~˜pq | )2m+2f±q , (40)
L˜(r)g nm =
gg
2pi2
(−1)m
(2m+ 1)!!
∫ ∞
0
d | ~˜pg |
(
u.p˜g
)n−2m−r−1
| ~˜pg |
× ( | ~˜pg | )2m+2fg f˜g. (41)
The expressions for the integral coefficients J˜
(r)±
k nm and
L˜
(r)±
k nm appearing in Eqs. (37)-(39) are given in Ap-
pendix A in terms of temperature and chemical potential.
By comparing the Eqs. (34)-(36) with the relativistic
Navier-Stokes equations [78],
piµν = 2η σµν , Π = −ζ θ, nµ = κn∇µα, (42)
we can obtain the coefficients of bulk viscosity, shear vis-
cosity and charge conductivity as βpiτR = η, βΠτR = ζ
and βnτR = κn, respectively. Note that we consider a
special case where the relaxation times for all particle
species are same. The general case with different ther-
mal relaxation time is left for future analysis. The form
of above integrals for the massive and massless case, are
presented in the Appendix A.
C. Longitudinal boost-invariant expansion
To model the dissipative hydrodynamical evolution
of the QGP formed in the heavy-ion collision experi-
ments, we employ the Bjorken’s prescription [79] for one-
dimensional boost invariant expansion. Here, we consider
the case of vanishing baryon chemical potential. The evo-
lution equation of the energy density for purely longitudi-
nal boost-invariant expansion can be expressed in terms
of Milne coordinates (τ, x, y, ηs), where τ =
√
t2 − z2
and ηs = tanh
−1(z/t) resulting in uµ = (1, 0, 0, 0) with
the metric tensor given by gµν = (1,−1,−1,−1/τ2) [47].
Employing the Milne coordinate system, the energy evo-
lution equation Eq. (17) gets simplified to,
dε
dτ
= −
(
ε+ P
τ
)
+
(
ζ + 4η/3
τ2
)
, (43)
where we have used θ = 1/τ, Π = −ζ/τ , piµνσµν = Φ/τ
and Φ = 4η/3τ . We numerically solve Eq. (43) to study
the evolution of viscous nuclear matter with the values
of dissipative quantities given in Eq. (37) and Eq. (38),
imposing the LEoS. The initial condition in RHIC (for
Pb-Pb collision) is T = 0.36 GeV at τ0 = 0.6 fm and
in LHC (for Au-Au collision) is T = 0.5 GeV at τ0 =
0.4 fm [80]. We estimated the temperature evolution by
assuming relaxation time to be same for both bulk and
shear parts (τR = τpi = τΠ = 0.25 fm). With these
conditions, we can investigate the proper time evolution
of longitudinal pressure (PL) to transverse pressure (PT ),
PL/PT ≡ (P + Π − Φ)/(P + Π + Φ/2), where P is the
equilibrium thermodynamic pressure.
III. RESULTS AND DISCUSSIONS
We initiate the discussion with the temperature depen-
dence of mean field corrections to the shear tensor, bulk
viscous pressure and the particle diffusion, respectively,
of the hot QGP with finite quark chemical potential. The
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FIG. 1: (Left panel) The effect of mean field contributions to the coefficients of bulk viscous pressure, shear tensor
at µ = 0.1 GeV with and without quark mass correction. (Right panel) The mean field contribution to the particle
diffusion at different quark chemical potential as a function of temperature.
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FIG. 2: (Color online) The ratio βΠβpi as a function of
temperature and comparison with the results in [22–24].
mean field force term from the effective theory appears
as the mean field corrections to the transport coefficients
of the system. As mentioned earlier, the force term con-
sists of the modified part of the EQPM dispersion re-
lation δωk ≡ T 2∂T ln zk. At high temperature region
T/Tc ∼ 2.5, where Tc = 0.17 GeV is the transition tem-
perature, the fugacity parameters zk are slowly varying
functions of temperature. Since δωk is the temperature
gradient of the zk, the mean field effects are not signifi-
cant at higher temperature region. The mean field con-
tributions to first order coefficients of the shear tensor
and bulk viscous pressure at quark chemical potential
µq = 0.1 GeV are depicted in Fig. 1 (left panel).
Since the mean field corrections at high temperature
regimes are negligible, the ratio asymptotically tends to
unity. However, the mean field contributions due to the
quasiparticle excitation are significant in the lower tem-
perature regime. The effects of mean field contributions
to the dissipative quantities are shown in Fig. 1. We ob-
serve the quantitative difference in the βpi and βΠ with
and without the mean field corrections at low temper-
ature regimes. In Fig. 1 (right panel), the mean field
effects to the first order coefficient of particle diffusion is
shown for different quark chemical potential µq. The
dependence of finite quark mass and baryon chemical
potential to the mean field contributions are separately
shown in the left and right panel of Fig. 1 respectively.
The mean field correction to the transport parameters
with binary, elastic collisions at mq = 0 and µq = 0 is de-
scribed in Ref. [56]. The effects of quark mass and chem-
ical potential are visible in the low temperature regimes
whereas in the higher temperature regimes the mean field
contributions are almost independent on mq and µq.
In Fig. 2, we show the temperature dependence of the
ratio of the coefficient of the bulk viscous tensor to that
of the shear tensor βΠβpi at µq = 0.1 GeV. In the RTA,
the ratio becomes βΠβpi =
ζ
η , where ζ is the bulk viscos-
ity of the hot QGP medium. Within the EQPM, the
squared speed of sound tends to the Boltzmann limit 13
at very high temperature. Since the bulk viscosity is pro-
portional to this term [81], the effective description of ζ
with EQPM tends to zero at high temperature regime.
We observe that the temperature behavior of the ratio βΠβpi
has a decreasing trend with the increase in temperature.
We observe that the quark mass correction and mean
field corrections are more visible in the low temperature
regime near to the transition temperature Tc. Further,
we compared the results with other parallel work and
the lattice results. We found that our observations are
consistent with the results of [22–24].
The relative significance of charge conductivity κn and
shear viscosity η could be understood in terms of the ra-
tio κnT/η. Within RTA, the quantity βnT/βpi = κnT/η.
The temperature behavior of the ratio κnT/η is plotted in
Fig. 3 (left panel) for different quark chemical potential.
The ratio becomes almost constant at high temperature
regions, whereas it drops for the low temperature regime,
indicating that the conductivity of the medium is rela-
tively small to the shear viscosity in the regime T ≤ 2.5Tc
as compared to very high temperature regimes. We ob-
serve a similar trend in the temperature behavior of the
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result of [77].
dimensionless ratio
κqµ
2
q
ηpi2T , in which κq is the coefficient
of thermal conductivity. The quantity
κq
η is defined as
κq
η = (βn/βpi)(
ε+P
nT ) within RTA [74]. In the high tem-
perature limit, the ratio reduces to
κq
η = C
pi2T
µ2q
as shown
in the Fig. 3 (right panel).
For the non-interacting QGP zk = 1, the value of the
constant becomes C = 95/81 [74]. However, it should be
noted that for the realistic EoS, the value of C is equal
to 5/4. The EoS dependence of the viscous coefficients
and conductivity are captured by the effective quasipar-
ton fugacities. Also, the mean field effects on the ratio
are more visible in lower temperature regime whereas the
effects are negligible at higher temperature limit. This is
due to the fact that in the high temperature regime, the
value of zk approaches unity. In the ideal limit zk = 1,
the EQPM results can be reduced to the first order dissi-
pative hydrodynamic evolution equation with appropri-
ate coefficients as described in [74].
In Fig. 4 (left panel), we depicted the proper time evo-
lution of temperature and pressure anisotropy in ideal
and first order hydrodynamics with initial temperature
T0 = 500 MeV at proper time τ0 = 0.4 fm/c. We assumed
the Navier-Stokes initial condition for shear and bulk vis-
cous part respectively as Φ = 4η/3τ0 and Π = −ζ/τ0,
with the thermal relaxation time τR = 0.25 fm. The
temperature evolution based on the first order dissipa-
tive hydrodynamics shows slower temperature drop with
proper time compared to the ideal evolution. Following
the temperature evolution, the proper time dependence
of the pressure anisotropy PL/PT is shown in Fig. 4 (right
panel). We see that compared to the first order evolu-
tion results for PL/PT in case of non-interacting Boltz-
mann particles [77], there is a slightly faster approach to
isotropization in the present EQPM model.
IV. CONCLUSION AND OUTLOOK
In this paper, we have derived the first order dissipa-
tive hydrodynamic evolution equations within an effec-
8tive covariant kinetic theory by realizing the system as a
grand canonical ensemble of gluons and quarks, with a
finite baryon chemical potential µq and non-zero quark
mass mq. The covariant effective kinetic theory is em-
ployed for the hot QCD matter within the EQPM. The
thermal medium effects have been encoded through the
EQPM by introducing the lattice equation of state in
phase space momentum distribution through the effec-
tive fugacity parameter. We observed that the mean field
contributions that emerge from the covariant kinetic the-
ory induce sizable modification to the first order coeffi-
cients of the shear stress tensor, bulk viscous pressure
and the particle diffusion of the hot QGP medium in the
temperature regime near to Tc. However, the modifica-
tions to the first order coefficients are negligible at higher
temperatures (T ≥ 2.5Tc). In the massless limit, our es-
timations at µq = 0 agree with results of Ref. [56], for
the binary elastic collisions.
We further studied the ratio of viscous coefficients βΠβpi
and compared the results with other parallel works. Fur-
thermore, the relative significance of the charge conduc-
tivity and thermal conductivity with the viscous shear
tensor have been investigated by evaluating the ratio βnTβpi
and
κqµ
2
q
ηpi2T respectively within RTA for different quark
chemical potential. We found that at the lower temper-
ature the charge conductivity is relatively smaller com-
pared to the results at higher temperatures. Also, the
effect of the baryon chemical potential is more visible in
the temperature regime near to Tc. The proper time evo-
lution of temperature and pressure anisotropy are seen
to be sensitive to the viscous effects and the equation of
state. Finally, various predictions of the current work,
turned out to be consistent with the other parallel re-
sults.
The analysis presented in the manuscript is the first
step towards the higher order (second and third) dissipa-
tive hydrodynamic evolution equation from the effective
covariant kinetic theory within the EQPM. The investi-
gation of the hydrodynamic evolution equations for the
hot magnetized QGP medium (magnetohydrodynamics)
would be another interesting direction to pursue. In ad-
dition, deriving the transport coefficients using a more
realistic collision term is another problem worth investi-
gating. We leave these problems for future work.
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Appendix A: Thermodynamic integrals
1. Massive case
For the case of massive quasipartons, the scalar ther-
modynamic integrals J˜
(r)±
k nm and L˜
(r)±
k nm can be expressed
in terms of the modified Bessel function of second kind
as shown in the following:
J˜
(1)+
q 42 =
gqT
5y5
240pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K5(ly)− 7K3(ly) + 22K1(ly) + 16Ki,1(ly)
]
− δωq gqT
4y4
60pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K4(ly)− 8K2(ly) + 15K0(ly)− 8Ki,2(ly)
]
, (A1)
J˜
(0)−
q 21 =−
gqT
4y4
12pi2
∞∑
l=1
l(−1)l−1zlq sinh(lα)
[
K4(ly)− 4K2(ly) + 3K0(ly)
]
+ δωq
gqT
3y3
12pi2
∞∑
l=1
l(−1)l−1zlq sinh(lα)
[
K3(ly)− 5K1(ly) + 4Ki,1(ly)
]
, (A2)
9J˜
(0)+
q 21 =−
gq T
4y4
12pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K4(ly)− 4K2(ly) + 3K0(ly)
]
+ δωq
gqT
3y3
12pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K3(ly)− 5K1(ly) + 4Ki,1(ly)
]
, (A3)
J˜
(1)+
q 21 =−
gqT
3y3
12pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K3(ly)− 5K1(ly) + 4Ki,1(ly)
]
+ δωq
gqT
2y2
3pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K2(ly)− 3K0(ly) + 2Ki,2(ly)
]
, (A4)
J˜
(0)+
q 31 =−
gqT
5y5
48pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K5(ly)− 3K3(ly) + 2K1(ly)
]
, (A5)
J˜
(0)+
q 30 =
gqT
5y5
16pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K5(ly) +K3(ly)− 2K1(ly)
]
+ δωq
gqT
4y4
4pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K4(ly)−K0(ly)
]
, (A6)
J˜
(0)−
q 20 =
gqT
4y4
8pi2
∞∑
l=1
l(−1)l−1zlq sinh(lα)
[
K4(ly)−K0(ly)
]
+ δωq
gqT
3y3
4pi2
∞∑
l=1
l(−1)l−1zlq sinh(lα)
[
K3(ly)−K1(ly)
]
,
(A7)
J˜
(0)+
q 10 =
gqT
3y3
4pi2
∞∑
l=1
l(−1)l−1zlq sinh(lα)
[
K3(ly)−K1(ly)
]
, (A8)
J˜
(0)
g 30 =
ggT
5y5
16pi2
∞∑
l=1
l(−1)l−1zlg cosh(lα)
[
K5(ly) +K3(ly)− 2K1(ly)
]
+ δωq
gqT
4y4
4pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K4(ly)−K0(ly)
]
, (A9)
L˜
(1)+
q 42 =
gqT
4y4
120pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K4(ly)− 8K2(ly) + 15K0(ly)− 8Ki,2(ly)
]
, (A10)
L˜
(0)+
q 31 =−
2 gq T
4y4
24pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K4(ly)− 4K2(ly) + 3K0(ly)
]
, (A11)
L˜
(0)−
q 21 =−
gqT
3y3
12pi2
∞∑
l=1
l(−1)l−1zlq sinh(lα)
[
K3(ly)− 5K1(ly) + 4Ki,1(ly)
]
, (A12)
L˜
(1)+
q 21 =−
gqT
2y2
6pi2
∞∑
l=1
l(−1)l−1zlq cosh(lα)
[
K2(ly)− 3K0(ly) + 2Ki,2(ly)
]
, (A13)
where the function Ki,n(ly) is defined as,
Ki,n(ly) =
∫ ∞
0
dθ
(cosh θ)n
exp (−ly cosh θ). (A14)
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2. Massless case
For the massless case and non-vanishing baryon chemical potential, the thermodynamic integrals given in Eqs. (37)-
(39) takes the following form,
J˜
(1)+
q 42 =
2 gq T
5
5pi2
[
− 2
{
PolyLog [4,−eαzq] + PolyLog [4,−e−αzq]
}
+
δωq
T
{
PolyLog [3,−e−αzq] + PolyLog [3,−eαzq]
}]
,
(A15)
J˜
(0)−
q 21 =
gqT
4
pi2
[{
PolyLog [3,−eαzq]− PolyLog [3,−e−αzq]
}
− δωq
3T
{
PolyLog [2,−eαzq]− PolyLog [2,−e−αzq]
}]
,
(A16)
J˜
(0)+
q 21 =
gqT
4
pi2
[{
PolyLog [3,−eαzq] + PolyLog [3,−e−αzq]
}
− δωq
3T
{
PolyLog [2,−eαzq] + PolyLog [2,−e−αzq]
}]
,
(A17)
J˜
(1)+
q 21 =
gqT
3
3pi2
[{
PolyLog [2,−e−αzq] + PolyLog [2,−eαzq]
}
+
δωq
T
{
Log [1 + e−αzq] + Log [1 + eαzq]
}]
, (A18)
J˜
(0)+
q 31 = −
4 gq T
5
pi2
[
PolyLog [4,−e−αzq] + PolyLog [4,−eαzq]
]
, (A19)
J˜
(0)+
q 30 =
6gqT
5
pi2
[
2
{
PolyLog [4,−eαzq]− PolyLog [4,−e−αzq]
}
− δωq
T
{
PolyLog [3,−e−αzq] + PolyLog [3,−eαzq]
}]
,
(A20)
J˜
(0)−
q 20 =
gqT
4
pi2
[
3
{
PolyLog [3,−e−αzq]− PolyLog [3,−eαzq]
}
+
δωq
T
{
PolyLog [2,−e−αzq] + PolyLog [2,−eαzq]
}]
,
(A21)
J˜
(0)+
q 10 = −
gqT
3
pi2
[
PolyLog [2,−e−αzq] + PolyLog [2,−eαzq]
]
, (A22)
L˜
(1)+
q 42 = −
gqT
4
5pi2
[
PolyLog [3,−e−αzq] + PolyLog [3,−eαzq]
]
, (A23)
L˜
(0)+
q 31 =
gqT
4
pi2
[
PolyLog [3,−e−αzq] + PolyLog [3,−eαzq]
]
, (A24)
L˜
(0)−
q 21 =
gqT
3
3pi2
[
PolyLog [2,−eαzq]− PolyLog [2,−e−αzq]
]
, (A25)
L˜
(1)+
q 21 = −
gqT
2
6pi2
[
Log [1 + eαzq] + Log [1 + e
−αzq]
]
(A26)
For the gluonic case we obtain,
J˜
(1)
g 42 =
6 ggT
5
15pi2
[
2 PolyLog [4, zg]− δωg
T
PolyLog [3, zg]
]
, (A27)
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J˜
(0)
g 31 = −
4 gg T
5
pi2
PolyLog [4, zg], (A28)
J˜
(0)
g 21 = −
ggT
4
pi2
PolyLog [3, zg], (A29)
J˜
(0)
g 30 =
6ggT
5
pi2
[
2 PolyLog [4, zg] +
δωg
T
PolyLog [3, zg]
]
, (A30)
L˜
(1)
g 42 =
ggT
4
5pi2
PolyLog [3, zg], (A31)
L˜
(0)
g 31 = −
ggT
4
pi2
PolyLog [3, zg]. (A32)
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